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Common Lore |

“Emission of gravitational waves causes
binaries to become more circular over time."

True in weak field approximations:

Quadrupole approximation [peters 1964]
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In the final stage of extreme mass-ratio inspirals eccenticity
can increase.
1 ® First described:

® Well-documented:
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1 ® Zoom-Whirl regime (nyina =~ 3)
] ® |eading order (OPA) effect
® ¢ =0 to be used as reference point by LISA SGS

|

1 ® |s this physical?

Geodesic Eccentricity (e)

® |s this expected?
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1 ® |s this a unique feature of GR?
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What is eccentricity anyway?

Rough definition:

Eccentricity measures how non-circular a trajectory is.

Desirable qualitities of a definition of eccentricity:

©® (Quasi-)circular trajectories have e = 0

® Bound trajectories have e < 1

© Scattering trajectories have e > 1

© Different representations of the same trajectory should agree on e

@ Agrees with Newtonian limit e
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Geodesic eccentricity

U2 — Ul
e = -
geo

u2 + u1

Desirable qualitities of eccentricity:

©® (Quasi-)circular trajectories have e = 0/
® Bound trajectories have e < 1 v/

® Unbound trajectories have e > 1 v/

o Different representations agree on e X

@ Agrees with Newtonian limit e v/

Eccentric Eccentricities

Radial potential V'
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GW eccentricity
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Desirable qualities of eccentricity: g: 0.04
©® (Quasi-)circular trajectories have e = 0/ 0.02
® Bound trajectories have e < 1 / 2000 6000 2000 2000 0
® Unbound trajectories have e > 1 X7 t [M]

o Different representations agree on e v *

@ Agrees with Newtonian limit e v/
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GW and geodesic eccentricity are similar in small mass-ratio limit

egw/egeo in test particle limit
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GW and geodesic eccentricity show similar "uptick"
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Near the last stable orbit (LSO)
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Reciprocal radial position u = 1/r

Eccentric Eccentricities

Transition from stable bound orbit to plunge happens
when us = ug.

Near the critical point:
V = AVmax — A(u — uc)2 + O(u— uc)3
(If V€, L]is smooth then so are A[E, L], Vimax[E, L], and ¢ [E, L])

Pericenter can be approximated:

U2 N Ue — \/ Viax
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Evolution of eccentricity near LSO separatrix
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Eccentric Eccentricities

Reciprocal radial position v = 1/r

. 2u1 . 2uo .
° (u1 + uz)2u2 (w1 +u2)? “
g A Ue — Vinax
2v/Vinax
R Ue — —Vmax
2(ue — u2)

Conclusion

é diverges to +oo if Vinax < 0 and does not
approach 0.
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Orbits near the LSO (Zoom-Whirl)

Time spent near pericenter

t
— du

u u2 1
2/ du
ug—e du ug—e \/ (U - uc)2 — Vimax

~ / du = log(uc — u2)
u

yoe Uc—u

2 S
Nwind = Qr:d: Winding number

2
Nywind = Mwhirl + Nzoom

Nzoom ~ 1 and nypip ~ IOg(uc - u2)
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Dissipation in one radial cycle

ForC=¢&,L

(AC in radial period) = nyninn X (AC in circular orbit at u.) + (finite AC)

After dividing by the radial period (to obtain average):

f(p,e)

¢ =~ Cyco + —————
v log(uc — u2)
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Evolution of the peak of the potential

In Schwarzschild:
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-1
(ue — u2) log(ue — u2)

Eccentricity will always increase before LSO transition. Questions Answers:

® Are eccentricity upticks physical? YES

&~

Ingredients
® Are eccentricity upticks expected? YES

® Transition through LSO is a double root. ® Are eccentricity upticks unique to GR? NO
® (Radiation reaction maintaines circularity)

® Evolution is sufficiently adiabatic.
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Common Lore Il

“The peak of the waveform is associated
with merger”




Critical Plunge Geodesics

90°

180°

® v — 0 limit for EMRI plunge.

® Can be expressed in elementary functions

® Calculate waveform with TD Teukolsky code.
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Critical Plunge Geodesics
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Critical Plunge Geodesics

® QC case:

® Near-extremal spin,
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Explanation

347 peak
* T
3.0 Tfit
Te
,,,,,,,, othr
3.0 L2
~
2.84
2.6 IS
24— T T T T
—204
TTTT Casym
—304
o
<5
3
—404
—501
()fn ()12 l|t4 ()TG ()jS
€.

THE CENTER OF GRAVITY

centric Eccentricities Maarten van de Me



Not just the strain
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Common Lore Il

“Inspirals do not excited QNMs"
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ngg|eS [Thornburg+ (MvdM), 2019]

g at T fora =0.99, p=3,e=0.8
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M||d ImpaCt [Thornburg+ (MvdM), 2019]

Explanation

® Eccentricity broadens spectrum

® Direct radiation alternates between
strong high frequency and weak low
frequency

® Relatively weak effect

® Only mildly sensitive to QNM
resonances
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ReVenge Of the nggles I [MvdM, unpublished]

£ = 29 contributions to 1SF redshift invariant for a = 0, p = 16.2, e = 0.8
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Revenge of the Wiggles Il [raggioli+ (Mvam), 2026)

a=09M, eso=090, &so=m q=10"1
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Common Lore IV

“EMRI velocity kicks scale with 2"




Radiation inbalance

® Beaming causes radiation inbalance

a x v?
—
\7\k ® Effect average to 0 over orbit.
® On inspiral timescale "kick” Av o 12
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Eccenrtic orbits

é

® |nbalance between pericenter and
apocenter causes Av,,p o< 12

® Effect average to 0 due to pericenter
precession.

® On inspiral timescale "“kick”
Avjpsp X V2
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r@-resonances [Mvdm,2014]

® Pericenter advance 0 mod 27

® “Kick"” builds coherently over time
1
X —=

N2
® Resonantly enhanced “kick”
Avyes < 13/2
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r@-resonances [Mvdm,2014]
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Eccentric Eccentricities

Eccentricity 1:

Eccentricity will grow at the end of
inspiral (for v < 1073)

Eccentricity 2:

The waveform can peak long before
merger.

9%

Strong Field

Eccentricity 3:

Small mass-ratio Eccentric orbits will excite QNMs during

inspiral.

Eccentricity 4:

Eccentric inspirals experience CoM kick
D2
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	Eccentricity decreases under GW emission
	Peak is merger

