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| Effective theory of Black Holes

The interaction in the 2-body system is captured by the graviton exchange.
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~

Finite-size effects (Love number etc. ) enter only at high orders in Gy .

e.g.) 50 years ago in Kyoto
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[Goldberger & Rothstein (2006), Cheung, Rothstein & Solon (2018)]

effective theory
—

[Cheung & Solon (2020), Bern et al. (2018)]

F‘< Perihelion motion
—
[Y. Iwasaki (1971)]
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" On-Shell Program

Reframing

Attempts to determine scattering amplitudes without a Lagrangian - works well!
[N. Arkani-Hamed, T. C. Huang, Y-T. Huang (2018), ...]

‘Poincaré symm. —+ Locality‘

)\ /K >C< I A lot of merits for the graviton scattering: I
|

‘ Unitarity ‘ (D No need for the gauge fixing
) 2 PMm expansion = loopexpansion [Z.Bernetal (2018),..]
(@ self force =~ loop calculation [C. Cheung et al. (2023), ...]
H " é(' i ')é T (@ various methods : double copy, generalized unitarity,

IBP reduction, BCFW recursion etc. ...

perihelion shift —On-shell program!
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How classical physics appears from guantum scattering amplitudes?
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I Setu p]_ K|\/| OC fOrmalism [Kosower, Maybee, O’Connell (2019)]

wavepacket: |¥) = ¢(p1)¢(p2)ei(b1.p1+b2.p2) p1; p2) On-shell in:egration measure:
PP 3 [ = [ aseueu - )

N

Goldilock’s condition: £, < £, < £

Semi-classical approx. No wave effects

(e.g.) spectral wav?jgn'n:, T~
Y

iW (k) = (U| STa(k)S |T)

completeness relation

Lout = / p1, P, ") (P}, Py, £"]
py,p5,E"

=/, y (U| ST |p}, ph, €7) (P}, Ph, €7, k| S |¥)
p1,po,E"

We can rewrite the expectation value in terms of scattering amplitudes!
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| Setup2: Coherent spin formalism [R. Aoude and A. Ochirov (2021)]

Quantum spin | Spin of a massive particle: behaves covariantly under SU(2) group

STATES

P P,
Definite spin state s, {1}) = Ljy 7°° B SPIN ALGEBRA

Non-commutative
(S, 87] = ih eIk Sk

. I 9 ce e (Y 23
Coherent spin state ja) =™ re/ Z Z \/7 s,{1})

s=0,3 {I}

1 . . .
[ Classical scaling  ||o||? = afa’ ~ > m Classical limit 7 —0, s— oo, hs=fixed ]

| Commutative
J Classical spin  (S*)a ~ Ri|la|® ~ O(R°) (8'87)a —— (§")a (F)a
—0
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| Probing the Classical GR

@ SCATTERING PROCESS

@ CONSERVATIVE DYNAMICS ® WAVEFORMS

Impulse - scattering angle + EOB Hamiltonian Memory effect

0(G?): Damour (2018),..., O(G®): Bern et al. (2025) O(G?) : Elkhidir, 0’Connell, Sergola, Vdzquez-Holm (2023)
@ RADIATION & REACTION @® SPIN (Kerr)

radiated energy—momentum - recoil effect Spin multipoles * Compton

0(G?) radiative observables:

3¢4Y . :
Herrmann et al. (2021), Damour (2020) O(G*S*) : Akpinar et al. (2025)

@ MERGER PROCESS
| O(G):tree g * 0(G%): 1-toop

[Aoki, Cristofoli, Huang (2024)] This Work! Jun 15,2026 Theoretical Developments in GW Physics 7/18




| How about Black Hole Mergers ?

Q. How to describe the Black Hole Mergers? [K. Aoki, A. Cristofoli, Y-T. Huang (2024)]

A. Two building blocks.

A

[K. Aoki, A. Cristofoli, HJ, M. Sergola, K. Yoshimura (2025)]
[D. Akpinar, K. Aoki, A. Cristofoli, HJ, K. Yoshimura (2026)]

mm) Next Kaho's talk!

similar ideas

D spectral function

b=y /de/pX’m,e AT .6, (TN

eI}
pg(mg() X O(LC h,@) describes they merge or not

(2 Amplitude which describe the Black Hole Mergers
SBH 1 [N. Arkani-Hamed, T. C. Huang, Y. Huang (2018)]

Xt < s AT (py lpyspa) = ge (X | pip2 | X)°

SBH 2 Poincaré symm. determines the 3pt.
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I PreViOUS WOrk and our aim [K. Aoki, A. Cristofoli, Y-T. Huang (2024)]

Gravitational waveform at O(G) A ﬁ”-._,_l

1
l
l
|

,,,,,—K,Z/ —og itk \II|SJr 9 |¥) +c.c b
— @

spectral waveform tW (pi, k, bz)

P1+ Q1
/ / H d4qz 6(2p; - ¢;)e —ib;-qi 327G
i=1,2 o = + : helicity of graviton
P2 + q2
MEMORY
— S(O) + S(l) + S(Z) 4 ... EFFECT

On-shell proof

= Full Graviton soft operator at O(G) for all spin orders!

SoFT ASYMPTOTIC
THEOREM SYMMETRY

[A. Strominger (2017)] _ _ ,
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| Motivation

Interest  Gravitational memory Ah := h(t — 00) — h(t = —o0)

VY

-O= before
— GW signal —— memory -—@- after (permanent shift)

Fourier trans.

3
g0 _F~ Z (€ ps)° = O(w™") «—— Previous work at 0(G)!
2 k - pi |

1=1

Our aim Gravitational waveform at 0(G?) What kind of memory do we have?
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I Gravitational waveform at O(G#) from merger

Completeness relation

oo
Lout = E /
n=0"P
P &
elastic scattering "'—._:LLS /’ inelastic merger “H.},ﬁ
~— //

o0
prips ) Guipn €1+ 3 [ o, ) (ox &)
n=0

1:P2 W ¥ o

_ _ dad*a , >
Measure in coherent spin states: = — 5 dmx pa(miy)
X pPX

o = =+ : helicity of graviton k*

74, & o) e thicgi
d*q: 6(2pi - qi) e [B. Sahoo, A. Sen (2019), A. Sen (2024)]
z=1,2 k, ag

p1 + q1 |
l/X PX:

P2 + q2

Generalized unitarity & Method of region
FeynGraV & PaCkage'x Jun 15,2026 Theoretical Developments in GW Physics 11/18



| Tail memory

Soft linear memory Bremsstrahlung

/\ step-like memory ?
/\ /\ /\ NN Ao~

N o 97y

— GW signal — soft linear memory
Tail memory Late-time acceleration
slow 1/t tail
N /\ N A ~ / ‘
\ \ /\\/\\/\VAVAVQ,.
Y% | o06?

— GW signal — tail memory Gravitational drag

Jun 15, 2026 Theoretical Developments in GW Physics 12/18



| Tree part

Everything can be computed by local gluing
k,o

pP1+q1 D1
wye =3y [
T JX..
P2 I P2,
' '
U
Exact factorization
** coherent spin construction ® @

Momentum conservation  Weinberg’s Soft factor 5pt w/ graviton 3pt vertex

_(K)° eo (k) - £]? [e5(€) - pi)° len (£) - p;]?

Non-linear memory!
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I Non-linear (Christodoulou) Memory  [D.cChristodoulou (1991), K. S. Thorne (1992)]

Linear Soft memory L N TT 4, :velocity
vi o’
Ah;;r-T = -A E ( 4°4 ) M 4 : mass
J /— — .
‘ " 1- UA 1 — vy cos(04) 64 :angle btw source
& detecter

‘/j\_\_\‘\-‘ It is sourced by the massive momenta.

Non-linear Soft memory 4 is sourced by the GW energy flux.

d€)’ : surrounding the source

. TT
.ﬁ"ﬂ‘ Ahr.l;.T = é/ db ( & e )) do’ ¢ :unit vector from
’ T

V\,\,\,\y\_\_\_\—\> dY \ 1 — cos(¢ the source & df)’

9’ :angle from&'to detecter

It appeared at O(G3) in 2 > 2 scattering case. %

But, in our case, it appeared at 0(G?)! [A. Georgoudis et al. (2025)]
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" Summary and outlook

Agenda Gravitational waveform from merger at O(G?)

Q. What kind of memory do we have?
A. Tail memory and non-linear soft memory
\ |
Outlook NEW:

 Generalization to KBH merger.
* Higher loops and its connection to Soft theorem and BMS symmetry.
* Investigating the re-summation structure.
(e.g.) Sommerfeld enhancement?
- Connection with inspiral and ringdown.
* Double Copy for the Black Hole Mergers?
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Thank you |
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