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 Acronyms 
PN Post-Newtonian  approximation (expansion in 1/c; ie v^2/c^2 and GM/
(c^2r))

PM Post-Minkowskian  approximation  (expansion in G; ie in GM/(c^2b)) 
and its recent Worldline EFT avatars
MPM  Multipolar post-Minkowskian approximation 

SF  Gravitational Self-Force: expansion in m1/m2,

EOB  Effective One-Body Approach

 NR Numerical Relativity

EFT various flavours:
NRGR Effective Field Theory (EFT) à la Goldberger-Rothstein
Classical/Eikonal limit of Quantum scattering amplitude 
 Worldline EFT                  

TF Tutti Frutti  method



EOB

PN (or 
NRGR) NR

PM SF

several of LIGO-Virgo-Kagra’s 
banks of search templates

v ⌧ c

R � GM/c2

v ⇠ c

R ⇠ GM/c2

R � GM/c2

BH
perturbation

m1 ⌧ m2

ST,QFT,EFT WQFT
Quantum (or Classical) Scattering

+ Bremsstrahlung waveform

MPM

TF
Tutti-Frutti strategy 

combining
PN,PM,MPM,SF,EFT

within EOB 
(Bini-TD-Geralico’19)
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The Effective One-Body (EOB) approach to the GW
signal emitted by the Merger of two Black Holes 

Inspiral:
perturbative
computation

of higher-order
contributions
to E=H and F

(expansion in v^2/c^2
+ tidal polarizability
+ of NS)

Ringdown (BBH):
«  vibration modes »
of final BH (QNM);

perturbation
of BHs à la

Regge-Wheeler-Zerilli-
Teukolsky

+Vishveshwara

Late inspiral, « plunge » and merger:
first estimated by the Effective One-Body method (AB-TD 2000) 

later confirmed and improved by using 
numerical simulations (Pretorius…2005)

Buonanno-TD’2000



1:1 map

µ =
m1m2

m1 + m2

Level correspondence 
in the semi-classical limit: 
Bohr-Sommerfeld -> 
identification of  
quantized action variables

J = !! =
1
2π

∮
pϕdϕ

N = n! = Ir + J

Ir =
1
2π

∮
prdr

Real 2-body system 
(in the c.o.m. frame) An effective particle of mass mu  in some effective metric

mass-shell constraint

0 = gµ⌫e↵ (X)PµP⌫ + µ2 +Q(X,P )

Crucial energy map

gµ⌫e↵ (X)

Effective One-Body (EOB) approach: H + Rad-Reac Force
Historically rooted in QM: Brezin-Itzykson-ZinnJustin’70
eikonal scattering amplitude+ Wheeler’s:`Think quantum mechanically’

as functions of I_r and I_phi=J



2-body Taylor-expanded 4PN Hamiltonian [DJS, 2014, JS 2015]
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time-nonlocality due to tails G^4/c^8



Explicit 4PN EOB (non-spinning) dynamics (Damour-Jaranowski-Schaefer ’14)

ds2e↵ = �A(R; ⌫)dt2 +B(R; ⌫)dR2 +R2(d✓2 + sin2 ✓d�2)

A simple(gauge-fixed) post-geodesic effective mass-shell:

u ⌘ GM

Rc2

A simple, but crucial transformation between 
the real energy and the effective one:

(AB)�1 =

APN(u; ⌫) = 1� 2u+ 2⌫u3 + ⌫a4u
4 + (⌫ac5 + ⌫2a05 +

64

5
⌫ lnu)u5

Padé
resummed a4 =

94

3
� 41⇡2

32
; ac5 =

2275⇡2

512
+ . . . ; a05 = . . .

only 
gauge-invariant

information

small eccentricity
expansion of
H-nonlocal
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Resummed A(u) potential 

1PN
1-2u 2PN

3PN

Pade^1_4[3PN]

m1=m2

ds2e↵ = �A(R; ⌫)dt2 +B(R; ⌫)dR2 +R2(d✓2 + sin2 ✓d�2)
u ⌘ GM

Rc2
<latexit sha1_base64="Q+esDFISTnGQQwYQCimIbC9sidw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRZBEMpukepFKHrxIlSwH9guSzZN29AkuyRZoSz9F148KOLVf+PNf2Pa7kFbHww83pthZl4Yc6aN6347uZXVtfWN/GZha3tnd6+4f9DUUaIIbZCIR6odYk05k7RhmOG0HSuKRchpKxzdTP3WE1WaRfLBjGPqCzyQrM8INlZ6vLtCIvDORFAJiiW37M6AlomXkRJkqAfFr24vIomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nV08QSdW6aF+pGxJg2bq74kUC63HIrSdApuhXvSm4n9eJzH9Sz9lMk4MlWS+qJ9wZCI0fR/1mKLE8LElmChmb0VkiBUmxoZUsCF4iy8vk2al7FXL1fvzUu06iyMPR3AMp+DBBdTgFurQAAISnuEV3hztvDjvzse8NedkM4fwB87nD9Amj7k=</latexit>

M = m1 +m2
<latexit sha1_base64="FEoLZYThC6ru4gRdwwF3nWSju0A=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCRSgzRaoboejGZQV7gc44ZNJMG5pkhiQjlKFbN76KGxeKuPUN3Pk2pu0stPWHwMd/zuHk/GHCqNKO820tLa+srq0XNoqbW9s7u/befkvFqcSkiWMWy06IFGFUkKammpFOIgniISPtcHg9qbcfiFQ0Fnd6lBCfo76gEcVIGyuwoSfSS+hFEuGMBy7kQXWclQ2dGjq5r44Du+RUnKngIrg5lECuRmB/eb0Yp5wIjRlSqus6ifYzJDXFjIyLXqpIgvAQ9UnXoECcKD+bXjKGx8bpwSiW5gkNp+7viQxxpUY8NJ0c6YGar03M/2rdVEcXfkZFkmoi8GxRlDKoYziJBfaoJFizkQGEJTV/hXiATCrahFc0IbjzJy9Cq1pxa5Xa7VmpfpXHUQCH4AiUgQvOQR3cgAZoAgwewTN4BW/Wk/VivVsfs9YlK585AH9kff4A+WCYnA==</latexit>

⌫ =
m1m2

(m1 +m2)2
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Spinning EOB effective Hamiltonian

He↵ = Horb +Hso

S = S1 + S2 ; S⇤ =
m2

m1
S1 +

m1

m2
S2 ,

r3GPN
S = 2� 5

8
⌫u� 27

8
⌫p2r + ⌫

✓
�51

4
u2 � 21

2
up2r +

5

8
p4r

◆
+ ⌫2

✓
�1

8
u2 +

23

8
up2r +

35

8
p4r

◆

r3GPN
S⇤ =

3

2
� 9

8
u� 15

8
p2r + ⌫

✓
�3

4
u� 9

4
p2r

◆
� 27

16
u2 +

69

16
up2r +

35

16
p4r + ⌫

✓
�39

4
u2 � 9

4
up2r +

5

2
p4r

◆

+⌫2
✓
� 3

16
u2 +

57

16
up2r +

45

16
p4r

◆

Gyrogravitomagnetic ratios  (when neglecting spin^2 effects)

! HEOB = Mc
2

s

1 + 2⌫

✓
He↵

µc2
� 1

◆
Damour’01,Damour-Jaranowski-Schaefer’08,Barausse-Buonanno’11,Taracchini etal’12,Damour-Nagar’14,………



GRAVITATIONAL WAVE GENERATION: MULTIPOLAR POST-MINKOWSKIAN 
FORMALISM (BLANCHET-DAMOUR-IYER)
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Decomposition of space-time in 
various overlapping regions:

1. near-zone: r << lambda :  PN 
2. exterior zone: r >> r_source:  MPM
3. far wave-zone: Bondi-type expansion

then matching between the zones

in exterior zone, iterative solution of  Einstein’s 
vacuum field equations by means of a double 
expansion in non-linearity and in multipoles, with 
crucial use of analytic continuation (complex B) for 
dealing with formal UV divergences at r=0

g = ⌘ +Gh1 +G2h2 +G3h3 + ...,
⇤h1 = 0,
⇤h2 = @@h1h1,
⇤h3 = @@h1h1h1 + @@h1h2,

h1 =
X

`

@i1i2...i`

✓
Mi1i2...i`(t� r/c)

r

◆
+ @@....@

✓
✏j1j2kSkj3...j`(t� r/c)

r

◆
,

h2 = FPB⇤�1
ret

 ✓
r

r0

◆B

@@h1h1

!
+ ...,

h3 = FPB⇤�1
ret ....

The PN-matched MPM formalism has allowed to compute 
the GW emission to very high accuracy (Blanchet et al)

STF tensors encoding
multipole moments

mass-type and spin-type 
multipole moments

tails

———-—



Perturbative computation of GW flux from binary system
• lowest order : Einstein 1918  Peters-Mathews 63 
• 1 + (v2 /c2) : Wagoner-Will 76 
• … + (v3 /c3) : Blanchet-Damour 92, Wiseman 93  
• … + (v4 /c4) : Blanchet-Damour-Iyer Will-Wiseman 95 
• … + (v5 /c5) : Blanchet 96 
• … + (v6 /c6) : Blanchet-Damour-Esposito-Farèse-Iyer 2004 
• … + (v7 /c7) : Blanchet 
• … + (v8 /c8) + (v9 /c9) : Blanchet et al 2023-

x =
⇣v
c

⌘2
=

✓
G(m1 +m2)⌦

c3

◆ 2
3

=

✓
⇡G(m1 +m2)f

c3

◆ 2
3

⌫ =
m1m2

(m1 +m2)2

LO 
quadrupole 
radiation

4PN

4.5PN

using 
MPM

G^4 beyond 
LO (4-loop)



Resummed EOB waveform
 Damour-Nagar 2007, Damour-Iyer-Nagar 2008

Recent developments: Cipriani+25, Ivanov+25 (a SWNS-revisit of MST)

resums
an infinite

# of leading
logs



hringdown
!m (t) =

∑

N

C+
Ne−σ+

N (t−tm)

hEOB
!m = θ(tm − t)hinsplunge

!m (t) + θ(t− tm)hringdown
!m (t)

EOB

Complete waveforms 
for BBH coalescences: 

Hamiltonian:
conservative

dynamics
Rad Reac Force

Resummed
waveform



From EOB vs NR to EOB-NR waveforms 
Buonanno-Cook-Pretorius 2007

EOB

NR

EOB
NR

TD-Nagar-Dorband-
Pollney-Rezzolla 2008

EOB-NR vs NR

EOB-NR is obtained by
tuning some yet unknown

theoretical EOB parameters
to a sample of NR simulations,

e.g. + a_6^c(nu) u^6 



NR-completed resummed 5PN EOB radial A potential

4PN analytically complete + 5 PN logarithmic term in the A(u, nu) function [u = GM/R, nu = m1 m2 / (m1 + m2)^2] 
[Damour 09, Blanchet et al 10, Barack-Damour-Sago 10, Le Tiec et al 11, Barausse et al 11, Akcay et al 12, Bini-
Damour 13, Damour-Jaranowski-Schäfer 14, Nagar-Damour-Reisswig-Pollney 15]

« We think, however, that a suitable ‘‘numerically fitted’’ and, if possible, ‘‘analytically extended’’ EOB Hamiltonian 
should be able to fit the needs of upcoming GW detectors. » (TD 2001)

here Damour-Nagar-Bernuzzi ’13, Nagar-et al ’16; alternative: Taracchini et al ’14, Bohe et al ‘17

u =
GM

c2 R

⌫ =
m1m2

(m1 +m2)2
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Quantum Scattering Amplitudes and 2-body Dynamics
• Quantum Scattering Amplitudes —> Potential  
one-graviton exchange :  
Corinaldesi ’56 ‘71,  
 Barker-Gupta-Haracz 66,  
Barker-O’Connell 70, Hiida-Okamura72 

Nonlinear: Iwasaki 71 [1PN],  
Okamura-Ohta-Kimura-Hiida 73[2 PN] 

Using modern amplitude techniques: Bjerrum-Bohr+’03

Amati-Ciafaloni-Veneziano 1987-2008 
Ultra-High-Energy (s >> M_Planck^2)
Four-graviton Scattering at 2 loops

Eikonal phase \delta in D=4
with one- and two-loop corrections using the Regge-Gribov approach

� =
Gs

~

✓
log

✓
LIR

b

◆
+

6`2s
⇡b2

+
2G2s

b2
(1 +

2i

⇡
log(· · · ))

◆
confirmed by

DiVecchia+'19

Personally becoming aware of   
the ACV results in Parma 2008, 

plus discussions at IHES with  
Donoghue and Vanhove 
—> GSF and EOB (TD 2010): 
scattering and zero-binding  
zoom-whirl orbit (Barack et al’19) 



PM approach to Two-Body Dynamics
Bertotti’56, Havas-Goldberg’62, 

Rosenblum’78, Westpfahl’79, Portilla’80, Bel et al.81
PM revival via two-body scattering  

TD 2016, 2017: 

Cheung-Rothstein-Solon 2018

two-loop
G^3+G^4

one-loop
G^2 

one-loop
G^2 

tree-level
G^1



PM scattering results (here without spin)

3PM=G^3
ultrarelativistic  � ! 1 Amati-Ciafaloni-Veneziano’90

Bern-Cheung-Roiban-Shen-Solon-Zeng’19
inclusion of radiative effects TD’20,DiVecchia+’21,Hermann+21,…

4PM=G^4
conservative: Bern+’22, Dlapa+’22 

including radiation-reaction: Dlapa+’23, Damgaard+’23

Frad�reac = O(G2
/c

5) =) 9 F2
rad�reac = O(G4) e↵ects (Bini-TD-Geralico’21)

5PM=G^5

(�pµa)
5PM ⇠ G5

b5
m1m2(m

4
2 +m1m

3
2 +m2

1m
2
2 +m3

1m2 +m4
1)

probe probe1SF 1SF2SF ?

Driesse+’24’26, Bern+’25’26

 J loss at G^2 (TD’20): subtleties linked to zero-freq gravitons and BMS (Ven-Vilk22)
<latexit sha1_base64="OKYWEzaFEnz1uI/egxB/P+o6IQk="></latexit>

�rr = �1

2

@�cons(E, J)

@J
J rad � 1

2

@�cons(E, J)

@E
Erad

CY3
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Scattering angle

Ee↵
µ

= � = �p1 · p2
m1m2

1

j
=

Gm1m2

J

gµ⌫e↵
= Schwarzschild
metric M=m1+m2

Q =

✓
GM

R

◆2

q2(E) +

✓
GM

R

◆3

q3(E) +O(G4)

q2 = � 4

⇡
(�2 � �Schw

2 ) q3 =
4

⇡

2�2 � 1

�2 � 1
(�2 � �Schw

2 )� �3 � �Schw
3

�2 � 1

TD’16-18 

Two equivalent gauge-invariant routes to derive the EOB dynamics
Delaunay Hamiltonian

E = HD(Ir, I✓, I�)

BuonannoTD
‘99
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Various ways of formulating the EOB  mass-shell condition

-P_0= gamma=H_eff expressed as a function 
of R and P_R^2 or P^2

Traditionally DJS gauge:  Q(R,P_R) ~ (GM/R)^2 P_r^4+…
convenient both for solving E=H(X,P) and for mildly-eccentric dynamics
in PM gravity: TD 1710.10599 introduced various gauges:

post-Schwarzschild: gµ⌫e↵ = Schwarzschild
metric M=m1+m2 Q =

✓
GM

R

◆2

q2(E) +

✓
GM

R

◆3

q3(E) +O(G4)

Newtonianlike 
potential:

absorbing Q in A(g,R):

New issues
posed by PM

? solving the mass-shell condition to get E=H(X,P)
? choosing a « gauge » for the effective metric
? choosing a resummation 

TD-Rettegno23, Rettegno+23, Buonanno+24, Swain+25, Damour+25,Long+25, Clark-Pratten 25



Damour-Nagar-Placidi-Rettegno, March 2025
a geodesic-like mass-shell condition involving an energy-dependent effective metric:

up to now solved perturbatively 
wrt the energy  gamma=-P_0/mu;

this led to several drawbacks 

Lagrange multiplier approach:

median unfaithfulness= 



Radial potentials for inspiralling 
orbits in two versions of EOB-PM 

when iteratively 
solving the 

mass-shell condition 
to get H_eff(R,J) 

SEOB-PM, Buonanno+24 

when exactly 
solving the 

mass-shell condition 
to get H_eff(R,J) 
LEOB, Damour+25 



Mass polynomiality structure in scattering  (TD’20)

conservative scattering case

polynomial in Gm1/b and Gm2/b

polynomial in nu of degree [(n-1)/2]

0SF scattering gives access to full G^2 dynamics ! 
1SF scattering gives access to full G^3 and G^4 conservative dynamics ! 
2SF scattering gives access to full G^5 and G^6 conservative dynamics

at G^n



Tutti-Frutti  method   (Bini-TD-Geralico,’19,20,21)

with PN local Hamiltonian

starting at 5.5PN, G^5

Combining:  
1GSF  Mano-Suzuki-Takasugi-based computations of
Detweiler redshift+ first law (LeTiec-Blanchet-Whiting)
polynomiality in nu
Delaunay averaging, one determines H_loc modulo a few  2SF parameters



25

(Bini-TD-Geralico 
’19,’20’21)

6PN 
conservative

dynamics
complete at 

3PM and 4PM

G^4 G^5  G^6 G^7
Tutti-Frutti

method

combines
PN, MPM, EOB,

Delaunay,
Self-Force,

mass-
polynomiality
of scattering

angle

5PN 
conservative
complete at 

5PM and 6PM
modulo

d5 and a6
compar. EFT
Bluemlein+

Porto-Riva’25,26

4PM 5PM 6PM 7PM



Tutti Frutti vs Worldline Effective Field Theory  (Bini-TD’25)

uniquely
determined at G^4

by mass polynomiality
and rad-reac structure

at G^4

determines J3 from cb1rad

direct link
between

cb2rad and Px^rad

at G^5 1SF

TF determined to 6PN
including a tail-of-tail term

determined to 6PN
by TF + Heissenberg’24

TF determined P_mu^rad to 5.5 PN

linear-response formula 
Bini-TD, Bini-TD-Geralico



High-post-Newtonian-order dynamical effects induced by 
tail-of-tail interactions in a two body system  (BDG’25)

tail-of-tail conservative action
(DJS’14,BD’25,using Blanchet’05,Goldberger-Ross’10,…)

1SF confirmations and 2SF new results
at the 6.5PN level

agreement at 6.5PN with 1SF Driesse et al (using a recent result of Geralico’25)

prediction of  the « conservative » G^5 scattering at 2SF in terms
of TF undetermined parameters



(PRD March 2023)

NR
perturbative
radiation-
-reacted
4PM

EOB-resummed
radiation-reacted 4PM

Newtonianlike EOB radial potential

Rettegno-Pratten+23, Buonanno-Jakobsen+..24, Swain-Pratten-Schmidt’25, Long-Pfeiffer+25, Clark-Pratten25 

w(r) introduced
in TD 1710.10599



(Rettegno et al.’23)

Higher-energy non-spinning:
Comparison between the

effective potential V=L^2/r^2-w(r)
extracted from NR simulations

and its EOB-PM equivalent
NR-determined w(r)

EOB-
4PM

EOB-4PM
+ 5PM addition

In the spin-aligned case, one can transform 
the PM-expanded scattering angle

 into an equivalent spin-dependent EOB potential

perturbative
4PM angle

EOB-
resummed
4PM angle



NLO (one-loop) waveform
G^3=3PM 
Brandhuber+’23, Herderschee+’23, Georgoudis+’23,
Bohnenblust+’24

5-point HEFT one-loop amplitude
—-> O(G^3) waveform via KMOC

PM waveform computation 

LO (tree level) waveform
G^2=2PM: classical time-domain W(t,n): Kovacs-Thorne 1977
quantum-based: yields W(k,p1,p2,p3,p4)=W(k,p1,p2,q1) 
Johansson-Ochirov’15, GoldbergerRidgway’17 Luna-Nicholson-OConnellWhite’18
Mougiakakos-Riva-Vernizzi’21,Bautista-Siemonsen’22, De Angelis-Gonzo-Novichkov’23

/ �(!)

W (kµ) = ✏µ✏⌫hµ⌫(!, ✓,�)

G^1=1PM (linearized,Einstein 1918) stationary

5-point
amplitude:

2 —> 3

important « cut term »(Caron-Huot+’23) Fourier transform over q1,q2



Comparing one-loop amplitude to MPM waveform
tails

g = ⌘ +Gh1 +G2h2 +G3h3 + ...,
⇤h1 = 0,
⇤h2 = @@h1h1,
⇤h3 = @@h1h1h1 + @@h1h2,

h1 =
X

`

@i1i2...i`

✓
Mi1i2...i`(t� r/c)

r

◆
+ @@....@

✓
✏j1j2kSkj3...j`(t� r/c)

r

◆
,

h2 = FPB⇤�1
ret

 ✓
r

r0

◆B

@@h1h1

!
+ ...,

h3 = FPB⇤�1
ret ....

algorithmic
STF tensors encoding

multipole moments
(related to the source

moments I_L,J_L)

radiative multipole moments
(observable at infinity)

U_L, V_L

MMPM(k, b, u1, u2,m1,m2) = �i


2
✏µ✏⌫hMPM

µ⌫ (!, ✓,�) = �i


2

Z
dtei!t✏µ✏⌫hMPM

µ⌫ (t, ✓,�)

MHEFT(k, b, u1, u2,m1,m2) =

(Bini-TD-Geralico’23)

1d Fourier transform of MPM

<latexit sha1_base64="xdu5zFCGiK7puZIyGMOnYGCEu9k=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1egRz1O6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucP/p+OxA==</latexit>W
<latexit sha1_base64="xdu5zFCGiK7puZIyGMOnYGCEu9k=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1egRz1O6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucP/p+OxA==</latexit>W



Comparison one-loop vs MPM waveform at 2.5PN 
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Main results of the initial EFT-MPM comparison (Bini-TD-Geralico, 2023):
mismatch at the Newtonian level, except if one refers the one-loop amp. to classical averaged momenta, 
rather than incoming momenta; then the terms linked to time-even PN corrections to multipoles agree 
but there are many mismatches at the G^2/c^5 level
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Updated comparisons (Georgoudis et al.’23,’24, Bini et al. ’24) lead 
to perfect agreement after taking into account three subtle effects: 
(1) the bilinear-in-amplitude KMOC term generates the needed rotation 
(2) IR divergences generate an additional (D-4)/(D-4) contribution 
(3) zero-frequency gravitons contribute additional terms at h~G and h~G^3 
(4) interesting links beween zero-freq gravitons and BMS frame (Veneziano-Vilkovisky)



Quadrupolar bremsstrahlung waveform at the 3.5PN accuracy
(Bini,TD, Geralico, arXiv:2604.21522 [gr-qc])

Extending the MPM accuracy to 3.5PN and to the 2-loop level:
i.e. O(G^4) contributions to h(omega), or O(G^3) contribs to W(omega)=h/(4 G) 

Main motivation: high-precision MPM bremsstrahlung waveform 
at 2-loop to provide future comparison

Surprises: added MPM complexity of reaching the 3.5PN level,
and an interesting finding about BMS!



Focus on the quadrupolar waveform l=2^+

radiative
moment
at infinity source

moment extra contributions
from gauge moments, e.g:

hereditary
terms:
tails,

memory,
instantan.

tails of tails





in addition to the MPM nonlinear contributions one must  explicitly solve the 
3.5PN-accurate hyperbolic motion, including rad-reac effects,

and finally compute the Fourier transform from t_r->omega

e.g.

« iterated Bessel functions »
satisfying 

BesselOperator[Q]=u^a BesselK

at 2-loop



sample two-loop results, involving:

G^3 eta^0

G^3 eta^7
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Comparison with 3.5PN-accurate one-loop waveform 
(Heissenberg-Russo 25, De Angelis, 25)

Besides checks from log-dependence, SF (against Geralico’26), and soft 
limit-memory term (including nonlinear memory)

using

we found the following mismatches



Structure of the one-loop waveform (from Tale of Two Formalism paper)
(D-4)/(D-4) term !

delicate term linked to disconnected diagrams involving zero-energy gravitons

logarithmically divergent
integral which needed

an additional regularization
besides dim-reg



yields the Veneziano-Vilkovisky supertranslation  aligning the EFT BMS
frame with the MPM BMS frame

However, we found that
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ie one needs (at 3.5PN) to subtract the dipolar part of 
beta^VV from the disconnected cut contribution (or add  beta1^VV to W^MPM)

This is fully compatible with the fact that beta^VV is, actually, only defined 
modulo l=0 and l=1 homogeneous contributions 
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Conclusions
There exist useful synergies between  
various approaches to the 2-body pb. 

Scattering approaches have made impressive headway in few  
years, though they seem close to reaching their practical limits. 

Comparisons between various approaches to the 2-body pb are important and  
allow one to understand new, subtle aspects of gravitational interactions 

Though Numerical Relativity is and will remain very important and useful,  
analytical approaches will continue to play an important role. 

For GW generation the « traditional » MPM+PN approach is the only one which  
has reached a (LIGO-relevant) high precision: 4PN for quasi-circular motions (4-loop)  
(Blanchet et al) and 3.5PN+ 2-loop for scattering motions 

The many subtle effects linked to radiation-reaction and the 
decomposition « conservative + rad reac » remain to be fully clarified 

The flexible analytical nature of the EOB formalism makes it useful for  
incorporating new information in LIGO-useful form.


